The impact of illuminance on changes of the solar cell electromotive force is analyzed. A mathematical model for a solar cell electromotive force dependence on illuminance is presented. For this purpose, a selection of experimental data trend function was carried out, and the Pearson correlation coecients were established. The most optimal results were obtained in case of an exponential function with the strongest correlation (R 2 = 0.983). The analysis has shown that at 100 W/m 2 illuminance the electromotive force saturation is obtained (the electromotive force changes insignicantly and uctuates at around 2 V), which indicates that upon reaching such an illuminance a solar cell operates at maximum eciency. A rst-order dierential equation satised by the trend function has been compiled. When interpreting illuminance as an evolution variable, the proposed mathematical model can be interpreted as a dynamical system. The deviation frequency spectrum of the measurement values with respect to the theoretical prediction is analyzed.
Introduction
As oil supplies are decreasing and the global warming is threatening, photovoltaic devices are becoming more and more popular as a renewable and environmentally friendly energy alternative [1, 2] . Solar cells are electronic devices which turn sunlight into electricity [3, 4] . 17%. The manufacturing and usage of multijunction thinlm solar cells, however, is gradually increasing (the coecient of their performance reaches 55%) [5, 6] .
The applications are truly endless [7] from solar thermal decoupled water electrolysis process [8] and the solar thermal electrolytic production of Mg from MgO [9] up to using solar energy for cooling in the agro-food industries (e.g. [10] ).
When looking for solutions to decrease the increasing energy prices and to reduce the environmental impact caused by energy, an increasingly bigger role is played by renewable energy sources, one of which is solar energy [11] . The option of solar energy usage is a solution for many people who have no access to an electricity network due to distance, small number of inhabitants, poverty or geographical situation. In the recent years, solar energy usage has increased because of improved technologies, reduced spending on production, and the governmental policy encouraging the renewable energy development [12, 13] . Solar energy is being widely used worldwide as a source of energy for individual houses, commercial buildings, in industry, as well as for the lighting of streets, gardens and parks, and for water pumps.
Although the Lithuanian geographical latitude is not very favourable for solar energy usage as compared with that of the countries located closer to the Equator, the solar energy falling onto the earth surface here diuses on a much more larger surface than in the geographical latitudes where the sun is in zenith at midday. The annual amount of solar energy falling onto the surface of 1 m 2 area in Lithuania exceeds 1000 kWh [14] . In the Lithuanian climate conditions, the cost of installation of 1 kW solar energy production reaches EUR 2.94.1 thousand per year. A photo-voltage system with a 1 kW installed capacity produces 880940 kWh of electricity, and the cost of its production is 0.410.43 EUR/kWh [15] . Photoelectricity is currently rather expensive, but with the rapid development of technologies the prices are forecasted to become equal in 20182020. Lithuania has an obligation to the European Union to increase the share of renewable energy sources (RES) in electricity production to at least 20% (which also include 10 MW of solar power plants) until 2020. Currently, the energy obtained from RES makes around 15% of the nal energy consumption in Lithuania [16] . Thus, the inuence of illuminance on the total eciency of the solar cell is an important problem of their functioning. On the other hand, the solar cell electromotive force (EMF) is one of the basic characteristics of its operation.
The aim of the study was to examine changes of a solar cell EMF, the reasons determining changes under various conditions for illuminance, and to draw a mathematical model for a solar cell EMF dependence on illuminance.
(1711) 2. The characteristic equation of a solar cell An ideal solar cell may be modelled by a current source in the circuit with a parallel diode [17] . In practice, no solar cell is ideal, so a shunt resistance R sh and a series resistance component R s are added to the model [18 20 ]. The resulting equivalent circuit of a solar cell is shown in Fig. 1 .
The characteristic equation of a solar cell, which relates solar cell parameters to the output current I and voltage across the output terminals U [17, 20] , is
where I L is the photo-generated current, I 0 is the reverse saturation current, q is the elementary charge, α is a diode ideality factor (1 < α ≤ 2) (in practice, at low voltages α → 2, whereas at high voltages α → 1, see, e.g., [19, 21] Since the parameters I 0 , α, R s , and R sh cannot be mea- With suciently large amount of experimental data collected, the abundance of the data almost surely reects the shape of the approximation curve, exactly like in our case. Figure 3 presents experimental data obtained when researching EMF dependence on illuminance: E = E(E). Generally, the selection of the approximation curve is a rather complicated issue requiring a special grounding. In our case, we will show the experimental data presented in Fig. 3 as being of continuous dependence E(E) of EMF on illuminance E (trend). We will consider this function not only as continuous, but as dierentiated as [23, 24] . To determine the trend function, we will make the presumption that the experimental data present the function of a fading exponent with respect to the saturation value
In this dependence, a and b are unknown parameters to be determined. We obtain that a = 2085 mV and b = 4.90 · 10 Figure 3 presents experimental data and the trend approximating them (Eq. 2), with the parameters a and b.
The physical meaning of parameters a and b is seen in Fig. 4 . Parameter a means the maximum asymptotic EMF value E max , and parameter b is related to the illuminance E measurement units enabling to move to nondimensional variables. The value E 0 ≡ 1/b = 20.4 W/m 2 is the value of illuminance at which EMF is reduced e times against the maximum value E max (Fig. 4) .
The selection of the trend function is related to a physical law under study. When the physical law is known, the trend function is most often related to the law or its modication. There are cases, however, when it is dicult, or even impossible, to establish the trend function in advance. In such cases, several approximations with various mathematical functions have to be carried out, and the Pearson correlation coecient should be used [25] . In this case, the correlation coecient is the criterion which helps to select the best approximation curve.
The family of the currentvoltage characteristics of a Si photoelement at various intensities of radiation were studied at the beginnings of solar energetics, see, e.g., [26, 27] .
In addition to the experimental function (2), approximations with the power function and the logarithm function were performed. The results of these approximations are presented in Table. The crucial role in this table belongs to the Pearson correlation coecient R 2 (0 < R 2 < 1), and the closer R 2 is to unity the better. For a quantitative assessment of the obtained approximation and the errors while extrapolating formula (2) into an unknown region, we shall nd the deviations of the obtained function from the real value of the EMF. We shall consider the deviation δE n as a dierence δE n = E n − E(n), n = 1, 2, . . .
where n parameterizes the real values of the illuminance E. Like the initial distribution E n of EMF values, the deviation dependence δE n does not look very regular. The dependence is neither monotonous nor periodic. In case some periodicity is present in this dependence, it should be manifested in its Fourier spectrum. Figure 5 shows the |a max | spectrum of dependence δE n , where
The Fourier spectrum of the deviations δEn.
We see that the deviation dependence δE n is not periodic, indeed, but similar to a noise with the spectral
To verify this hypothesis, we have to t the Fourier spectrum. As follows from tting, with a high accuracy, dependence |a max | may be approximated by a function
The spectral density function S(f ) ∝ |a max | ties. For instance, the SPICE modelling tool is typically used in the development of electrical and electronic circuits [20, 29] . An enhancement of a generic battery model, achieving a dynamic battery model for photovoltaic applications, was considered in [30] . Our eorts relate to the concept of a dynamical system.
According to the general denition, a dynamical system is a set of the n-dimensional smooth manifold M n and a one-parameter group of dieomorphisms g t (see e.g. [31] )
Is it possible to consider solution (2) (2), we will use the method of undetermined coecients [32] . We will establish the function (2) derivative
The concept of the dynamical system does not depend on the nature of the evolution parameter t. According to denition (6), the main aspects are the n-dimensional smooth manifold M n and a one-parameter group of diffeomorphisms g t . The parameter t denotes time only according to the historical tradition.
Since there are two unknown coecients in the function (2), a system of two equations, Eq. (2) and Eq. (7), is fully sucient to establish the unknown dierential equation of the mathematical model.
Let us write down of Eq. (2) and Eq. (7) E = a(1 − e −bE ), E = abe −bE ,
where E means a derivative with respect to the illuminance E. We will solve Eqs. (8) with respect to functions E and E by eliminating an independent variable illuminance E. It follows from the rst equation that a e −bE = a − E.
Upon entering the expression into the second equation, we obtain a dierential equation
Considering the feature of the experimental data and the trend (2)
we will get an answer to the modelling question: the dierential Eq. (10), together with the initial conditions (11) , make a Cauchy problem of the dependence under study.
Now let us make sure that the function (2) satises the dierential equation (10) and the initial condition (11) . Generally, a relevant programme package is suggested to be used for reaching this aim, but in our case the procedure is not complicated and can be performed manually: by entering function (2) into Eq. (10) and conditions (11), we obtain an identity. To determine the theoretical eect of the EMF E on the illuminance E, let us remind one of the basic properties of the photoeect: at constant spectral composition of electromagnetic radiation the incidence on the photocathode saturation of the photocurrent is proportional to the irradiance of the cathode. In other words, the number of photoelectrons emitted from the cathode per one second is directly proportional to the illuminance E: n ∼ E or I L = bE. Since the photocurrent is proportional to the number of photoelectrons, from the basic characteristic Eq. (1) we obtain the expression
The EMF E corresponds to the voltage on the SC contacts or voltage U in the case R s = 0 (see the scheme in Fig. 1 ). As follows from Eq. (12), the dependence of EMF E on illuminance E (E = E(E)) has a transcendental character, and the inverse function E = E(E) shows an exponential growth
Just as in the case of the characteristic Eq. (2), Eq. (13) has no analytical solution and has to be solved numerically. As follows from the Sect. 4, the proposed function (2) is quite a good approximation of the theoretical dependence (13).
Conclusions
The It should be stressed that in cases allowing a change of the other parameters of SC, which were xed in our case, the determined dependency of SC EMF on illuminance E = f (E) (2) can be more complicated. The corresponding dierential equation can be a nonlinear one. As a consequence, the phase portrait of such a system will be dierent. However, there remains the main idea that the dependence of the crystal semiconductor (SC) EMF on illuminance can be interpreted as a dynamic system.
The general understanding that a dynamic system is a set of the n-dimensional smooth manifold M n and a one-parameter group of dieomorphisms (7) can be generalized. It is enough to require one-side dierentiability instead of smoothness, whereas the group of dieomorphisms can be restricted to its semigroup g t+ . The DS generalized in this way enables the usage of singular integro-dierential operators instead of a classical evolution operator [33] .
In our case, the proposed mathematical model is linear. The most fruitful results could be expected in the case of nonlinear mathematical models when the powerful methods of dynamical systems are used.
We see that the interpretation of the SC illuminance 
